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The dynamics of a spinning ﬂuid in a ﬂat cosmological model is investigated. The space–time is itself
generated by the spinning ﬂuid which is characterized by an energy–momentum tensor consisting a sum
of the usual perfect-ﬂuid energy–momentum tensor and some Belinfante–Rosenfeld tensors. It is shown
that the equations of motion admit a solution for which the ﬂuid four-velocity and four-momentum are
not co-linear in general. The momentum and spin densities of the ﬂuid are expressed in terms of the
scale factor.
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The study of the dynamics of ﬂuids has been an essential part
of the general theory of relativity with wide range of applica-
tions in cosmology and certain areas of astrophysics. An interesting
type of ﬂuid is the spinning ﬂuid, i.e., a perfect ﬂuid consist-
ing of particles carrying an internal but classical spin. Following
Weyssenhoff and Raabe [1] in which a model was proposed for
spinning ﬂuids, they have attracted interest both in the frame-
works of the general relativity and the Einstein–Cartan theories.
Ray et al. [2,3] proposed an energy–momentum tensor for spinning
ﬂuids in general relativity. This was then used in [4,5] to obtain
a spin-included Raychaudhuri equation. A self-consistent formula-
tion of spinning ﬂuids has been presented in [6–8] by including
the spin as a thermodynamic variable in the theory. In Ref. [9]
a variational theory of an ideal ﬂuid with spin was formulated in
Riemannian space–time within the framework of general relativ-
ity theory. The ﬂuid energy–momentum tensor of this model is a
modiﬁcation of the energy–momentum tensor used in [2]. The re-
sulting equations were used there to show that the spin has no
effect on the standard cosmology in the sense that the pressure
and the energy density obey the same equation as if one uses the
perfect ﬂuid model. In these models the so-called Frenkel condi-
tion is used in the course of deriving some of the equations. The
equations of motion obtained in Ref. [9] was generalized in [10]
by adding an effective potential term, and by choosing some spe-
ciﬁc form of this effective potential, an inﬂationary cosmological
model with self-interacting spinning matter was suggested. A spin-
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other cosmological applications of spinning ﬂuids may be found
in, e.g., [12–14]. Another interesting model for spinning ﬂuids was
developed in [15]. In that model the energy–momentum tensor
was derived by variation of a Lagrangian whose explicit form is
not needed to be speciﬁed and the equation of motion are ob-
tained without resort to a supplementary condition. The relevant
equations of motion reduce to the correct form of the Mathisson–
Papapetrou–Dixon equations [16] in the case of spinning dusts. The
later are widely used to describe the motion of spinning particles
in curved backgrounds.
The aim of the present work is to investigate the motion of
spinning ﬂuids in an FRW space–time. We are particularly inter-
ested in nontrivial solutions to the equations of motion. By non-
trivial solutions we mean those solutions which exhibit the non-
co-linearity of the four-momentum and four-velocity. In fact it can
be shown that the equations of motion admit a trivial solution for
which the four-momentum is proportional to the four-velocity (see
also [17]).
To describe the motion of spinning ﬂuid in the space–time
generated by it, we deploy the spinning ﬂuid model of Ref. [15].
We ﬁnd that in this case a consistent treatment of space–time-
spinning ﬂuid is possible and generates a ﬂat FRW cosmology. We
then obtain the ﬂuid momentum and spin in terms of the scale
factor.
This Letter is organized as follows. In the following section the
spinning ﬂuid energy–momentum tensor is reviewed and the cor-
responding equations of motion are collected. Next we consider
the motion of the ﬂuid in a ﬂat FRW universe. We solve the equa-
tions of motion for the ﬂuid momentum and spin. In the last
section we present our conclusions.
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A general relativistic spinning ﬂuid is described by the follow-
ing energy–momentum tensor
Tμν = hμν p + pμuν − 1
2
∇α
(
sαμuν + sανuμ + sμνuα
)
, (1)
where hμν = gμν + uμuν is a projection tensor with uμ being the
ﬂuid four-velocity, pμ represents the ﬂuid four-momentum den-
sity, sμν is an antisymmetric tensor corresponding to the ﬂuid spin
density, p denotes the ﬂuid pressure, and ∇α stands for covariant
derivative. This energy–momentum tensor is a sum of the usual
perfect-ﬂuid energy–momentum tensor and a term containing the
Belinfante–Rosenfeld tensor. This term disappears if the spin is
turned off.
The energy–momentum tensor is required to be symmetric. By
imposing this requirement on the above tensor we obtain the spin
equation of motion
pμuν − pνuμ = ∇α
(
uαsμν
)
(2)
which shows that the spinning ﬂuid four-velocity and four-
momentum are not co-linear in general. This equation may be
used to recast the energy–momentum tensor into the following
manifestly symmetric form
Tμν = hμν p + 1
2
(pμuν + pνuμ) − 1
2
∇α
(
sαμuν + sανuμ
)
. (3)
Translational equations of motion may be obtained either from the
action leading to the above energy–momentum tensors by a vari-
ation of world-lines [15], or more straightforwardly, by demanding
the energy–momentum tensor to satisfy the conservation equation
∇ν Tμν = 0. For (1), the later results in
hμν∂ν p + p∇ν
(
uμuν
)+ ∇ν(pμuν)= −1
2
Rμναβu
ν sαβ, (4)
where Rμναβ is the Riemann tensor given by
Rμναβ A
ν = (∇α∇β − ∇β∇α)Aμ.
The above equation of motion may be projected parallel to uμ to
give
(p + ρ)θ + uμ∂μρ = −pμuα∇αuμ (5)
in which θ = ∇μuμ and we have used uμpμ = −ρ , ρ being the
energy (mass) density. This is a conservation equation. Similarly
projection normal to uμ yields
hμν∂ν p + pu˙μ + p˙μ +
(
pμ − ρuμ)θ − ρ˙uμ − uμu˙κ pκ
= −1
2
Rμναβu
ν sαβ (6)
which is an equation of motion for the ﬂuid momentum density.
3. The cosmology
In this section we aim to investigate the dynamics of a spin-
ning ﬂuid in a cosmological model. Consider a ﬂat FRW space–time
whose line element is given by
ds2 = −dt2 + a2(t)δi j dxi dx j, (7)
where a(t) is the scale factor and (t, xi), i = 1,2,3, are the coor-
dinates. For this space–time we have the following standard geo-
metrical data
Γ 0ii = a(t)a˙(t), Γ i0i =
a˙(t)
a(t)
,
R0i0i = −a(t)a¨(t), Riji j =
(
a(t)a˙(t)
)2
,
G00 = −3
(
a˙(t)
a(t)
)2
, Gii = a˙(t)2 + 2a(t)a¨(t).In a co-moving frame the four-velocity is uμ = (1,0,0,0) and the
four-momentum is given by pμ = (ρ(t), pi). Thus we have
T 00 = ρ, (8)
T ii = p
a2
, (9)
T 0i = 1
2
(
pi − ∂t s0i − 2 a˙(t)
a(t)
s0i
)
. (10)
Inserting these into the Einstein’s equation
Gμν = −κTμν, κ = 8πG
c4
we obtain
ρ(t) = 3κ−1
(
a˙(t)
a(t)
)2
, (11)
p(t) = −κ−1
(
a˙2(t)
a2(t)
+ 2 a¨(t)
a(t)
)
, (12)
pi(t) = ∂t s0i + 2 a˙(t)
a(t)
s0i . (13)
The ﬁrst two equations relate the scale factor to the energy den-
sity and pressure of the spinning ﬂuid. These are the same as the
corresponding equations for a usual perfect ﬂuid. The third equa-
tion establishes a connection between the spacial components of
the momentum density and the electric components of the spin
density tensor.
The spin magnetic components may be obtained from the spin
equation of motion (2) which in this case reads
d
dt
si j(t) + 5 a˙(t)
a(t)
si j = 0. (14)
This results in
si j(t) = li j(a(t))−5 (15)
li j being integration constants. Similarly we can obtain the electric
components by solving the corresponding equation
d
dt
s0i(t) + 4 a˙(t)
a(t)
s0i = −pi(t) (16)
for s0i . Combining this with Eq. (13) we obtain
s0i = l0i(a(t))−3, (17)
pi(t) = −l0ia˙(t)(a(t))−4 (18)
with l0i being constants. On the other hand, the components of
momentum can be obtained directly from the translational equa-
tion of motion. The reduced form of Eq. (6) is
d
dt
pi(t) + 4 a˙(t)
a(t)
pi = − a¨(t)
a(t)
s0i . (19)
This is compatible with Eqs. (17) and (18).
From the above expressions for the ﬂuid momentum and spin
densities, it is possible to obtain the total momentum and spin
contained in a spacial volume V = ∫ √−g d3x. We have∫ √−gs0i d3x = l0i V , (20)
∫ √−gsi j d3x = li j V (a(t))−2, (21)
∫ √−gpi(t)d3x = −l0i V H, (22)
where
H = a˙(t)
a(t)
.
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We have obtained equations describing the motion of spinning
ﬂuid in a ﬂat FRW space–time which is itself generated by the
ﬂuid. The equations of motion are self-suﬃcient and no supple-
mentary condition is used. These equations result in a general
solution describing a spinning ﬂuid whose momentum and veloc-
ity four-vectors are not co-linear in general. To our knowledge, this
is the ﬁrst solution of this kind for spinning ﬂuids. For a particular
set of integration constants the momentum and velocity become
co-linear and our results are in complete agreement with those of
Ref. [9] in this case. The existence of this later special solution
might be related to the maximal symmetries of the cosmologi-
cal model under consideration. The evolution of the scale factor
is independent of spin in this model. The total electric compo-
nents of the ﬂuid spin is constant but the magnetic components
are proportional to the inverse square of the scale factor. The total
momentum is proportional to the Hubble parameter.References
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